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APPROXIMATE  NONLINEAR  THEORY  Of  RFCT  ANGULAR  WING  OF  SMALL  ASPECT 
PATIO  MOVING  NEAP  A FLUIT  SCREEN  AT  LAPGE  EFOIJCE  NUMBERS 


K.  K.  Fed  y ay<->  vs ki  y 


( Moscow) 


Developed  in  this  article  is  an  approximate  nonlinear  tfvory  [2] 
for  a rectangular  winq  of  snail  aspect  ratio  mevinq  in  an  unlimited 
nediua  near  a fluid  screen  at  large  Frctide  numbers. 

If  from  the  experimentally  determined  moment  value  we  subtract 
the  moment  of  inertial  nature,  i.e.,  the  moment  corresponding  to  t)e 
ci rcu lat ion- free  flow  past  the  body  and  divide  the  difference  by 
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nctual  for re,  then  the  coordinate  for  the  center  of  pressure  tin: 
obtained  will  correspond  tc  a purely  circulation  (viscous)  *1  >w.  L-  t 
us  call  a point  with  such  a coordinate  the  center  of  the  attached 
vortex.  We  will  designate  the  coordinate  of  the  attached  viit  x a. 


(1) 


_ ^»»«cn  — i*h 

*n  — — — 

y, 


The  dimensionless  coefficient  of  the  center  of  the  attached  vort*-x 


X„ 

b ’ 


In  these  formulas  y,  is  normal  force;  b - root  chord  of  t h « wn.  i.  A: 
we  know,  in  the  selected  cccrdin ate  system 


= — (r, 


p/» 

— ri)-2~  sin  2a> 


where  k?  is  the  volume  of  the  attached  mass  of  fluid  as  the  wing 
moves  in  a transverse  direction;  k,  - analogous  volume  as  wing  mover 
in  longitudinal  direction.  For  thin  wings  k,  = 0. 


The  experimental  values  of  the  center  of  the  attached  vortex  ato 
much  more  stable  in  comparison  to  the  center  of  pressure,  which  fcr 
wings  of  a small  aspect  ratio  moves  rapidly  toward  the  trailing  edge 
as  the  angle  of  attack  increases.  The  deduction  of  stability  in  the 
center  of  the  attached  vortex  is  also  confirmed  when  we  study  the 
flew  beyond  the  wing.  This  gives  us  reason  as  cur  first  main 
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hypotheses  to  assume  that  the  position  of  the  center  of  th>  - ’ 

vortex  for  the  given  shape  of  the  wirg  in  the  {lun  ioes  r;o*  leer  i >n 
the  angle  of  attack. 

Ccraparison  of  the  distribution  of  loads  along  wing  chord  of  !<•  <• 
aspect  ratio  calculated  acccrdirg  to  the  linear  theory  and  obtained 
experimentally  shows  that  in  determining  the  position  of  th<  c<-;toi 
of  an  attached  vortex  we  can  use  the  values  of  the  coefficient  : • 

pressure  center  and  the  derivative  of  the  coefficient  of  ] if  ting 
force  in  the  root  section  cttained  from  the  lirear  theory. 


Then,  for  a wing  with  a symmetrical  profile,  by  finding  - i • 
i ndeter minacy  in  the  second  term  of  expression  (1),  we  get  for  a 
angle  cf  attack 


f dmtHK  \ 

-L^Jo-O 

fdCvk\  2rh  • 

\ da  y«_o  s 


7 ■ r ) 


where  2r  is  the  span  of  an  equivalent  attached  vortex  of  constant 
intensity. 


As  our  second  hypotheses  for  wings  which  ate  rectangular  and 
elliptical  in  the  layout  we  assume  that  the  spar  cf  the  attached 
vortex  is  equal  to  the  mean  geometric  span  cf  the  wing,  i.o.r 


— r*. 
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Fxperiments  conducted  to  determine  the  zone  of  vor*icify  n-  :*  r 
the  tips  of  the  wings  and  spectra  obtained  in  a h yd  rod  ynam  i<~  f-  m n r.  • 1 
confirm  this  hypotheses. 


Now,  let  us  assume  for  wings  of  a small  aspect  ratio  an 

elliptical  distribution  of  circulation  with  respect  to  spar,  i.  .,  v» 
will  assume  that 


4 (dC.\ 

n \d*J. 


Then,  we  get  the  working  formula  for  determining  -he  listance  between 
the  center  of  the  attached  vertex  and  the  leading  edge; 


_ C„.t  4- 
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Calculation  methods  developed  in  the  took  fy  S.  1. 

Ee lot  set kovs kiy  [1]  enable  us  to  determine  all  values  contain*  1 in 
this  formula  for  the  case  of  movement  near  a free  interlace  at  large 
Frcude  numbers,  i.e.,  under  the  condition  that  cn  the  free  surface 
disturbed  velocities  which  are  parallel  to  the  surface  will  be  equal 
to  zero.  Figure  1 shows  the  dependences  of  coefficients  X„  for  a 
rectangular  wing  with  X * 0.25  as  a function  of  th^  reverse  value  for 
immersion  A — -*1  (here  1 is  the  immersion  cf  the  leading  <>d  j<*  of 
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wing,  l - win g span). 

In  Fig.  1 we  see  that  as  immersion  of  the  wing  decreases  -lie 

center  of  ♦he  attached  vortex  first  shifts  toward  the  Wading 

the  wing,  then  begins  tc  move  toward  the  trailing  edge.  This  i: 

explained  by  the  fact  that  the  coefficient  cf  the  pressure  center 

according  to  the  linear  theory  is  only  slightly  dependent  cn  lo>W: 

the  derivative  of  the  coefficient  of  the  moment  of  inertial  natur*- 

(expressed  as  the  ccefficiert  cf  the  attached  mass  k?l)  decreases 

loading  decreases.  Here  this  decrease  is  first  very  intense,  th  i 

moment  coefficient  stabilizes.  The  coefficient  cf  the  derivative  of 

lifting  force  decreases  as  loadinq  decreases,  although  ♦his  l>  r:  i: 

is  especially  intense  on  the  interface  itself.  However,  it  i 

primarily  the  descending  branches  of  curves  which  have 

h 

practical  value,  since  at  extremely  small  values  of  h continuous  flow 
is  no  longer  realized. 

In  order  to  satisfy  the  boundary  condition  of  the  equality  to 
zero  cf  induced  velocities  which  are  parallel  tc  the  undisturbed 
surface,  taking  intc  account  here  the  dewnwash  f cf  free  vortices,  w* 
must  place  over  the  interface  a fictitious  vortex,  which  is  a mapping 
of  the  lower  vortex  relative  tc  the  undisturbed  surface,  as  shown  ir 
Fig.  2. 


•) 
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Fig.  2. 


Fey:  (1)  Side  view,  (2)  Front  view,  (3)  Free  surface,  (4)  Top  view, 
(5)  Velocities  induced  by  attached  vortices,  (6)  Velocities  induced 
fcy  free  vortices. 
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The  intensity  of  ,'ho  -shaped  vortex  is  determined  rr  * • 

condition  of  satistyinj  the  Chaplygin-7  hukc  vsk  i y po.tulaf-  » < 

convergence  of  streams  at  a trailing  point  cn  the  root  ■.»c'  : i"  * 
king.  The  velocities  induced  at  this  pcint  should  he  do*pt  ir  i 

cnly  from  the  lover  -shaped  vortex,  but  also  irom  th->  fictional 
upper  vortex. 

in  keeping  with  the  above,  let  us  place  a rectangular  vino 
small  aspect  ratio  under  the  free  surface  such  that  in  the  er  e.  i 
of  attack  angle  a the  leading  edge  of  the  wing  will  havr  immersi 
(Fig.  3).  The  lower  attached  vortex  is  placed  at  distance  *n  f ror 
the  leading  edge.  Then,  the  coordinate  ct  pcint  A for  v tie  system  rr 
coordinates  related  to  the  upper  attached  vertex  will  he 

CD  (1  — x„)cosa  , . , o , . 

r = , = v hg sin  a + 2t|  + x„  sin  a d- 

° b cos  p 

(2)  g-(l — x„)cosatgPl  sinP; 

AC  — 

yn  = - =»  — | sin  a + 2r)  d-  x„  sin  a-HI-4) cosa  tg  P|  cosp. 


in  formulas  (2)  the  lines  above  x and  indicate  that  thes* 
linear  dimensions  refer  to  wing  span  b.  The  cosine  ct  angle  DA 


(3) 


cos  A 


*0+^0  + ( 1 — *„)’  - 4 (n  + x,  sin  a)1 


The  velocity  induced  at  point  A along  the  normal  to  the  chord  by 


DCC  = 0041 
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attached  vortex  D * D " , 


-!n  ,/ 


yv,  cos  b 

^*l>  + v20  j/  x*„  + ^ [ 2 ) 


or 

where  is  the  dimensionless  coefficient  cf  ♦he  intensity  of 

the  -shaped  vortex. 


The  velocity  induced  at  pcint  A along  the  normal  to  the  choi  1 y 
pair  cf  free  vortices  emerging  from  the  attached  vortex. 


V2 o _ Cu, 

v An 


»+(*)' 


x • H — 'Yri'i  cos(rt  + 
|/  *0  + -Vo  + ( 2 j _ 


The  velocity  induced  at  pcint  A along  th°  normal  to  the  chcrl 
from  attached  vortex  E'E"  and  trcm  the  pair  of  free  vortices  emergii  j 
frcm  this  attached  vortex,  will  be 


(“»,)/;  + = - 4^ 


(l  — xlt)  y (i  — x„)‘  + ^2  j 


cos  (a  — fl) 


(i  — x„)*sin»(o  — P)  + ^4 V I I f (1  — x„l* 


F » + 


( 1 — X„)  cos  (a  — P) 


‘one 


oou  i 


PAGE 


The  dimensionless  coefficient  of  the  intensify  of  *-he  rj-shap^d 
vortex  is  determined  frrm  the  ccnditior  of  satisfying  ♦ he 
Chapl yoin-ZhuKovsk i y postulate  at  point  A cf  the  root  section  * r' 
wi  ng  : 


(7) 


(“'ll®  + lv,)D  + K)e  + (*»>£  + sin  a = 0. 


Hence 


(8) 


4nsin  a 


X/2 


, ^ X/2  cos  (a  — P) 


(I  a —■*0)*sin,(a— P)-f  f-J.  \# 

1 + (1  — *n)  COS  (a  — P) 

/ " (2)' 


+ 


V 

k/2 


*i>  ~+  yl>  *d  -f  1/0  .p 


,cosA  -(- 


yl  + ( 2 j 


1 + 


xo 


\/r?  1 f ^ \* 

' XD  + yo  4- 


cos  (a  -f  P) 


The  devnwash  at  points  E • and  E"  are  determined  from  the 
relationship  of  the  vertical  velocity  component  t»,  to  the  horizontal 
velocity  component  »«  at  points  E*  and  E". 
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The  velocity  induced  Ly  t he  attached  vcrte*  DM)"  will  I > 
horizontal 


(9) 


(uii,)o  =»  — 


8n  2 (n  + *■  sin  a)  V 4 (n  + *»  sin  a)*  + X* 


The  two  free  vortices  which  emerge  f tci  the  detached  vortex  DM)" 
give  us  the  horizontal 


(1C) 


( cejx)o 


Cu , X sin  ft 

4(i)+  xn  + sin  a)1  cos’  ft  -f  X’ 


' j _ 2(n  -4-  x„  sin  a)  sin  ft  ] 
V 4 (t)  -J-  xn  sin  a)*  -f  X’J 


and  vertical  components  of  velocity 


( wivh  = ^ 


X cos  ft 


(11) 


S;T  4 (n  -f-  xa  sin  a)1  cos*  -f-  X1 

x r 1 — 2^~<~  ^n  Sina)  sin  ft  1 
L K 4 (r]  4-  x„  siri  a)1  -f  X1  j 


The  free  votte*  which  emerges  from  the  attached  vortex  at  point 
F • tive.s  us  the  horizontal  velocity  ccifonf  r.  t 


(12) 


Cft  sin  |J 
8ix  X 


and  the  vertical  velocity  ccmjcnert 


DOC  = 0041 


PAGE  WJ 


(13) 


(“We 


C„,  COS  3 
8.i  X~ ' 


By  adding  the  vertical  (11)  and  (11)  arl  horizontal  v ] oc  i t : 
of  the  impinging  flow  v with  the  horizontal  velocities  (0)  , (10)  , ai. 
(12),  we  get,  bearing  in  mind  the  smallness  of  angle  3 (tg  6 = -ir  3 
P and  cos  p = 1 ) , 

Cu> ! x x 

8“  [ 4 fr|  + x„  sin  a)*  4-  X1 


(14) 


X ' 1 

L 

' ' . i j 1 \ 

V 4 (i|  x„  sin  a)1  4-X*  J M 

l -_&( 

X 

8n  j 

2 (tl  4-  x„  sin  a)  V 4 (n  4-  xn  sin  a)’  4-X* 

xv 


4 (})  4-  x sin  a)’  4-X* 

2 (n  4-  x„  sin  a)  p ' 


y r 1 _ 2 (T)  + X„  sin  a)  P ' ^ _P 

L ^4  (tj  + xB  sin  a)24-X*  j ^ 


The  coefficient  of  intensity  of  the  -shaped  vortex  is 
determined  according  to  formulas  (8)  and  ( 1 4 ) by  subsequent 
statements.  In  order  to  calculate  coefficient  Cw  in  the  first 

approximation  we  use  the  angle  of  downwash  cf  the  free  vortices  p in 
the  zero  approximation. 


After  determining  C„,  in  the  first  approximation,  deperdenc^ 


(14)  is  used  to  find  the  angle  of  downwash  p in  the  first 
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approximation.  From  this  anqle,  according  tc  formula  (B)  , co^tfici-  r.t 
of  the  second  approximation  is  calculated  etc. 

Fiyures  4 and  5 show  the  results  cf  the  indicated  calculations 
from  the  I to  V approximations,  respectively,  for  a wing  with  an 
aspect  ratio  of  X = 0.25  and  relative  immersion  of  /i—-1— 1.7  (n  =• 

•=  h x- 0.425).  From  the  figures  it  is  apparent  that  in 

calculating  C„  at  attack  angles  of  up  to  15°  the  third  approximation 
is  sufficient.  At  attack  angles  of  25®  five  approximations  ar^ 
requi red . 

As  the  zero  approximation  for  the  downwash  angle  of  free 
vortices  for  the  first  calculation  it  is  convenient  to  take  3 - 
(I/1*)®*  while  for  subsequent  calculations  - 0 values  obtained  for 
another  (closer)  immersion. 

For  determining  the  normal  force  which  acts  on  a thin  wing  w» 
must  determine  the  longitudinal  components  of  the  velocities  induced 
by  free  vortices  E'  and  E " and  also  by  the  -shaped  vortex  D'D"  in 
the  central  section  of  the  attached  vortex. 

The  velocity  induced  by  free  vortices  E'  and  F"  in  the  central 
section  of  the  attached  vortex 
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p ag  f yff 


(IS) 


C*. 

2nK 


sin  (a  — P). 


7 h fin  we  calculate  the  longitudinal  component  of  the  v° 1 oc i ♦ v indue-  i 
fy  attached  vortex  D: 


(1C) 


(wt’Jo  =*  — 


Cj . cosaX 


16n  (i)  + xn  sin  a) 


4 (n  + x„  sin  a)»  + 


Finally,  the  longitudinal  component  of  the  velocity  induced  ny  fie* 
vortices  D*  and  D" 


/ * cu.\ 

<“*>  = ik 


sin  (a  + P) 


(17) 


4 (»1  + x„  sinaJ’cos’P-f  ^ * j 
2 (n  + *„  sin  a)  sin  P 


/ 


4 (n  + xa  sin  a) 


Pearing  in  mind  that  on  the  line  of  attached  vortex  K we  find  the 
longitudinal  component  of  the  d imensior less  velocity  of  the  impinging 
flow,  equal  to  cos  a,  and  using  the  N.  Ye.  Zhukcvskiy  theorem,  we 
find  an  expression  for  the  coefficient  cf  normal  force  of  a thir. 
wing: 


(18) 


C*i  “ |cosa  + ( Wu,)b  + ( Wujo  + ( ?»,)ol- 


coc 
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For  thin  wings,  as  a result  of  separation  cf  the  flow  on  the 
leading  edge,  there  is  no  suction  force,  and,  tv  projecting  rh  ■ 
coefficient  of  the  normal  force  onto  the  velocity  axes,  we  j.  * for 
lifting  force 


(IS) 


Ct  = C„,  cos  a 


and  for  the  coefficient  of  increased  resistance,  caused  by  ‘h 
presence  of  the  angles  cf  attack. 


(20) 


C.-C„ 


C,,  sin  a. 


The  coefficient  of  the  lorgitudinal  moment  relative  to  th. 
leading  edge  equals  the  sum  cf  coefficients  of  the  moment  ct  vertex 
nature  and  the  moment  of  inertial  nature,  and  in  the  coord  inat 
system  used  in  Fig.  3 is  written  in  the  form  cf 


(21) 


/n*  * 4* 


sin  2u. 


Finally,  the  dimensionless  coordinate  of  the  center  of  pressure 


(22) 


m,  - kt  sin  2a 
Xm~sb  • 


Figures  6-8  show  the  results  of  calculatirg  the  coefficients  of 

frt>-  -t  d(p$i-  osi-o') 
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lifting  forcp,  co  efficients  of  incrpasf  1 resistance,  mi  cncff  :pi>  » * 
of  the  centei  of  pressure  of  a thin  wing  with  an  aspect  rati  > at  X 
C.25  for  several  relative  immersions. 

Theoretical  curves  for  the  smallest  relative  immersion  h ) . . "t 

lie  above  the  experimental  points,  which  can  be  explained  by  * he 
presence  in  this  immersion  of  the  air-filled  vertex  filamen*:  flow 

past. 

The  substantial  ncnlineaiity  of  the  irctrent  coefficient  r ill*, 
in  a situation  where  the  center  of  pressure  move-,  rather  i.iriilv 
toward  the  trailing  edge  of  the  wing  as  the  angl^  of  a**ack 
increases. 

It  is  interesting  to  note  that  the  twc-fold  decrease  in  relative 
immersion,  in  a case  where  the  coefficients  of  lifting  forces  i main 
virtually  unchanged,  has  a noticeable  effect  cn  the  posi^iot  of  th 
center  of  pressure.  As  relative  immersion  decreases  the  center  of 

pressure  moves  toward  the  leading  edge,  also  confirmed  by  th--> 
experiment. 
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